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We introduce a mechanism that can be used to achieve concrete descriptions of 
the pointwise action of the spectral decompositions for the hyperbolic type groups of 
isometries on HP(D), 1 < p < + 00. These projections, the action of which was not 
known even in the Hilbert space case of p = 2, are associated with hypergeometric- 
type functions, a fact which casts some light on how these decompositions interact 
with structural features of Hardy spaces. As by-products various examples of 
Hardy-class functions are generated, which are difhcult to detect as such. 0 1991 
Academic Press, Inc. 
I. INTRODUCTION 
In [ 1 ] H. Benzinger, E. Berkson, and T. A. Gillespie g neralized Stone’s 
classical theorem for unitary groups to arbitrary Banach spaces. In light of 
this result E. Berkson, in [2], proved that every strongly continuous one- 
parameter group of isometries on HP(D), 1 < p < + co, has a spectral 
decomposition with respect o a suitable projection-valued function on the 
real line known as Stone-type spectral family (as in the classical Hilbert 
case). In particular, ifsuch a group is represented via F. Forelli’s theorem 
[7], i.e., by use of a group of (parabolic) Mobius transformations ofD, as 
in [4], the range of the Stone-type spectral family of this isometric group 
can be described concretely. The pointwise action of such a spectral decom- 
position was obtained explicitly in [9] for HP(D), 1 < p 6 2, and H*(T *), 
but for the parabolic ase only. 
On the other hand, the hyperbolic ase for which little, if any, knowledge 
was available even for H*(D), is treated in this present work in the general 
HP(D)-case, by adopting a treatment similar to that in [9]; specifically we 
* This paper was presented in revised form at the 5 th International Conference on Complex 
Analysis, which took place in Halle, Germany, December 1988. 
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restrict the hyperbolic isometric group to a suitable norm-dense subspace 
of HP(D) and then we realize the elements of HP(D) as limits of specific 
elements in the subspace. Consequently we obtain a [meanPI-description 
of the group’s spectral family on the whole HP(D). 
II. PRELIMINARIES 
For ease of reference and convenience we give, in this part, an 
abbreviated account of known concepts’ and facts on which the subject 
matter of this paper is based. 
DEFINITION (II. 1). A spectral family in a Banach space X is a function 
E( ; ) on R, whose values are projections in B(X) (the standard Banach 
algebra of the linear bounded operators X-r X), satisfying the following: 
(i) sup{,?(I): I E R} < + co; 
(ii) E(A) E(p) = E(p) E(A) = E(min{& p}), for all i, p E R; 
(iii) st-lim ;. _ I+ E(L) = ,?(I,), for any &E R, where st indicates 
“w.r.t., the strong oierator topology of B(X)“; 
(iv) st-lim j, _Ao E(A) exists for any 2, E R; 
(v) st-lim i. + -- a E(L)=0 and st-lim,++,E(E,)=Z. 
THEOREM (11.2) [4]. Let {T,}, TV R, be a strongly continuous one- 
parameter group of isometries of HP(D), 1 < p < + 00, p # 2, not continuous 
in the un$orm operator topology. Then T, has the unique representation 
T,f = ev(iwt)(cp:)“Pf(cp,) for TV R, fez HP(D), 
where w E R and qt is a one-parameter group of Mobius transformations of 
D. Conversely for such o and {cpl} the above equation defines a one- 
parameter group of isometries of H*(D), 1 < p < + co, that is continuous in 
the strong but not in the un$orm operator topology. 
THEOREM (11.3) [4]. Let { cp,}, tE R, be a (nonconstant) one-parameter 
group of Mobius transformations of D which is hyperbolic, i.e., the set qf 
common fixed points is a doubleton subset of the unit circle T. Then there are 
unique constants c>O and a, BET, a #B, such that for PER, ZE D, 
cp,(z) = o;j(exp(ct) a,,p(z)), where o,,&) = (z - a)/(~ - 19. 
Remark. If cp, is a group of Mobius transformations of D we can 
always select an analytic branch (cp:} , ‘lp t E R, such that the composition 
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rule tcp:+P= WiO’~whW~ is valid for s, t E R. (See [4] for 
details). We standardize this particular b anch throughout our paper. 
THEOREM (11.4) [2]. Let {T,} b e as in Theorem (11.2) associated with a 
hyperbolic group of Mobius transformations {cpt} as in Theorem (11.3). Then 
if we set $,=a::,,(~~r,,(z)exp t) on D, the group {Y,} defined via the 
formula Y,f = ($:)“p f($,) for t E R is isometrically equivalent (up to 
unimodular multiples) on HP(D) to the group {T,}. 
We turn now to apply a recent result in [3]-modifying it according to 
our needs-originally given in the general setting of uniformly bounded 
groups of operators on UMD spaces; we must bear in mind that HP spaces 
are UMD (see [3] for details). 
THEOREM (11.5) [3]. Let (Y,} b e as in Theorem (11.4) (which we 
standardize through the rest of the paper as the so-called hyperbolic 
isometric group on HP(D), 1 < p < + CO, p # 2 (and for p = 2 we restrict 
our attention to these type of isometric groups only). Then the following 
strong (st) limit exists as a bounded operator in HP(D), say JA, for all 
ill R: st-lim,,,,+ (l/ire) SE< ,1, <1,E (exp(Ut)/t) YP, dt. 
Zf in addition we denote by E(A) the unique spectral family in HP(D) 
(called Stone-type spectral family of {Y,}) for which the representation 
Y,f =lim,, +n3 jyla exp(itA) dE(A)f is true for t E R andf E HP(D), then (*) 
E(l)=Z+$(Jn-J:)and(**) J,=E(I)+E(Ak)-Zholdfor all1ER. 
Note. In the above results, and the ones to come later in this work, we 
have suppressed the dependence on the index p of the domain space HP, 
always assuming that p is an unknown but fixed number in the interval 
(1, + a). In [9] using the fact that the infinitesimal generator of the 
hyperbolic isometric group on HP(D) has no point spectrum [4, 
Theorem (3.1)] we have shown (Lemma (3.2)) that the Stone-type spectral 
family E(1) of { Y,} is strongly left continuous on R (and thus strongly 
continuous). 
In view of the above result, (**) in Theorem (11.5) reduces now to the 
following simple-but crucial for the rest of our calculations-quality 
E(A) = +(I+ JA) on HP(D) for all 1 E R. (11.6) 
We conclude this preliminary chapter by introducing the suitable norm- 
dense subspace, Q, of HP(D) to which we restrict the action of the group 
{ Y,} achieving thus a convenient (pointwise) description f the action of 
JA and therefore of E(A) on the whole HP(D). 
LEMMA (11.7). If we set f,(z) = (1 - z)‘+*‘~ then the linear span of the 
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fm’s for m E N, say Q, is norm-dense in HP(D). (See Lemma (3.1)(b) in [9] 
for details.) 
It is now routine, by combining the results and descriptions of 
Theorems (11.2) and (11.4), tocalculate explicitly the (pointwise) action of 
the Y,‘s on Q: 
exp(t/d 
=2mfm(z) ((1 +z)(exp t+(l -z))}” 
for mEN, teR and ZED. (11 y\ 
III. THE MAIN CALCULATIONS AND RESULTS 
For reasons that become clear from our calculations below we restrict 
our z to lie in the subset B of D given by 
(111.1) 
Since below we deal with HP(D)-functions and B consists of a sequence of 
distinct points of (0, 1) converging to OE D the results obtained on B 
automatically extend to all of D. Thus employing (11.6) and (11.8) we have, 
via Theorem (IIS), 
-&. lim J exp( ; iAt) ( Y, fm)(z) dt, on D, 
E-O+ E < 111 < I/E 
and therefore it is sufficient to calculate 
lim 
E-o+ I 
exp{t(l/p-i~)) dt . l-z 
’ 
(111.2) 
E< If/ < I/& t(p + exp t)” 
with pL== and ZEB. 
Motivated by the form of the integral in (111.2), throughout the rest of this 
chapter we denote by K,,, the integral 
dw, (111.3) 
where m E N, c is any arc in the complex w-plane not passing through 0 or 
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the roots of the equation (ew +~)~=0 and where z is (temporarily) fixed 
in B. (Note also that for z E B we have p = e-(““) E (0, l).) 
We proceed now to describe the singularities of the integrand on the 
right of (111.3) inthe w-plane: 
LEMMA (111.4). The integrand of K,, is a meromorphic function in 
WEC, withpofesatw=O(oforderone)andw=w,=(LogCL)+(2k+1)7ci, 
k E Z (of order m). Moreover evidently Log p = - l/n. 
Prooj Since p E (0, 1) it is immediate that the roots of ew + p = 0 are 
given by w = u + iv, where the u, v E R satisfy the system {,e” cos v = --CL, 
e” sin v = 0} and the result follows by observing that ew(l’p-i’) hasno zeros 
or singularities n the finite complex plane. 
We now distinguish two cases according to whether 1~ 0 or II > 0; the 
trivial case 3, = 0 follows from any of these cases by the strong continuity 
of E(A) (see Note). 
1. The case A < 0. We employ the contour c = U:= i ci (as in Fig. 1 ), 
where c1 = [ - l/s, E], c2 = the semicircle ying in the UHP centered at the 
origin and of radius E, c3 = [E, l/s] and cq = as in c2 but of radius l/&. 
Using Lemma (111.4) we have that 
fE(hE) 
K c,vcj,m+Kcq.m+Kcq,m=2~i 1 Resm(wk) 
k=O 
(111.5) 
where l(n, a) indicates the integer-part of f((Jm/nz) - 1) with 
R = l/s and E positive rational (sufficiently small), and Res,(w,) denotes 
I “I 
FIGURE 1 
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the residue of f(w) = e w(“PP “‘/w(e” + 11) at w = wk for k in the indicated 
range in (111.5). 
We demonstrate that we can pass WLOG to the limit, in (111.5) as 
R -+ + CC in Q. This last stipulation guarantees that no wk, k E Z, lies on 
c since 7c2 is irrational. 
Let us observe first hat lim, _ +a K,, “(‘) m exists because (111.2) exists; 
it is also a result of classical residue theory that 
lim K,.,,, = -in lim 
ew( l/p ~ ij.) 
R-+x 1~4-0 (e”‘+p)” 
= -2niv. (111.6) 
If we demonstrate that 
c IResm(wk)l < += (111.7) 
k=O 
then by (111.5) lim,, += K,,, exists. In order to show the absolute 
convergence in (111.7) for A < 0 and z (fixed) in B we evaluate Res,(w,) for 
any k E N. Recall now that by residue theory we have 
1 
Resm(wk) = (m _ 1) ! 
(w-Wk)me”(l,‘P-i~) 
w(e”’ + p)” 
. (111.8) 
>I =>Vl 
Because (111.8) involves lengthy and repeated use of 1’Hospital’s theorem 
we follow [8, (9.1)] instead, and write the transcendental integrandf(w) as 
g(w)//(w), where we have set 
g(w) = 
en.(l/p il) 
and h(w) = (e” + PL)~. (111.9) 
w 
Expanding now the functions in (111.9) asTaylor series around w = wk with 
k fixed in N we see that 
dw) = +f g,,(w - wk)“, 
a=0 
(111.10) 
where the coefficients in (111.10) are given by 
e(l!p-‘A)“” 
gunk = 
wk 
2o.k with ga,k = 1 
(-l)“*(l/p-iA)“L 
a,+a>=a aI. 
I@ . (111.11 ) 
0,.02>0 
(Evidently the expansion in (III.1 1)holds for w in a disk around wk, with 
sufficiently small radius to lie within c.) 
409 ‘I60 2-4 
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Similarly we can write 
h(w) = y h$yw - Wk)u+m with himi # 0, 
a=0 
(111.12) 
where the coefficients in (111.12) are given by 
h;“” = 1 dn+m ’ (a+m)! dwa+m w+Pr71w=wk. 
Hence by [8, (9.17)] we have that 
1 
Resm(wk) = (hhy2),,, Am ky 
(111.13) 
(111.14) 
with 
himi 0 
h;“,” 
) . . . . . . . . . , 0, g0.k 
A . ’ 
h’“’ 0 O,k,. . . . , g1.k 
m,k= for m> 1 and with A,,,= go,,. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
h(m) m _ 1 k ) . . . . . . . . . . . . . ) A’“’ I,k > gm- 1,k 
We conclude that in order to demonstrate the absolute convergence in 
(111.7) we must equivalently demonstrate 
y tAm,kl 
k-0 I%:iY< + O” 
(111.15) 
or, after using (111.13) and (111.14) and elementary calculations, itis 
equivalent o show 
where 
&n.k = 
hi? 0 
&‘: 
, ............... ) 0, gO,k 
hi?, ......... . 0, t?l,k 
........................................................ 
h’“’ 
M- I,k, 
,j’“’ 
,,, - 2,k, ... . 
h(m) - 
l,k? gm- I,& 
(111.16) 
for m > 1 and with al,k = 1. 
(111.17) 
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Examination of the coefficients h$i on the right of (111.12) shows that each 
is a sum of products of the form c,eYmn’k, where c,, v, are constants 
depending only on m, and also V,EN and the number of summands 
depends only on a. Expanding the determinant on the right of (111.17) into 
m! summands and using the previous sentence, we see that d,,, can be 
expressed in the form 
where a,(w) is a linear combination of exponentials of the form &‘“, jE N. 
Thus, for each k > 0, 
M’k 
Note that for Jo N, k 2 0 lei”‘“l = ,uj and then it is immediate that 
where M is a positive constant. Using (III.1 1)we see that zz:d Ig3L,kl  
bounded by a constant independent of k. Hence 
This establishes (111.7). 
Returning to (IIIS), after the above discussion, we see that 
lim Kc,,,., ,-ni 
(1 +z)m 
p+ lim K,,,, 
R- fx 2” R-+r 
= 27tiA, 1 (111.18) 
where A,,1 = e(‘+ i/p) and 5 = e2(‘+i’p)n with z E B (but actually, as our 
method shows, for z E D). 
The sum of the infinite s ries on the right of (111.18) can be expressed, 
by previous consideration, as a finite linear combination of series of the 
form 
+* 
c Sk k=O (Log((1 -z)/(l +z))+ (2k+ 1) ni)” 
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where 1.~1 < 1 and I <j< m. The latter series can be reduced to a hyper- 
geometric series (see [6, Vol. I]). 
In order to avoid entering into the lengthy and tedious expansion of d”m,k 
in (III.1 7), we give “in closed form” the corresponding series in (111.18) for 
m = I only, as illustration of our result, and afterward we evaluate 
lim Kc,,, for all m E N, R- +m 
REQ 
our example shows clearly how one can express the series in (111.18) in
terms of hypergeometric functions for m > 2 also. Using (111.14) we see now 
that 
1 -z l/q+ii. +a0 
=A,,, - ( ) c ck l-z k=O(L0g~)+(2k+1)?ti’ (111J9) 
This last series, which is absolutely converging for any z ED since ][I < 1, 
can be rewritten as 
where we have set 
l-z 
6=qz)=;-&Log l+z Ea)\ZC. 
( ) 
(111.20) 
(111.21) 
Then, using [6, Vol. I], we have 
+a0 
c ik 1 =-F(1,6; 1 +S;[), ,=,Log~+(2k+l)rti 2nid (111.22) 
where in general F(A, B; C; i) represents the (absolutely converging in 
l{l < 1) hypergeometric series 
F(A, 4 C; 0 = kk; (f#;;k ik (with C#O) (111.23) 
and where (. )k indicates the standard Pochhammer’s symbol with ( .). = 1. 
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We conclude, combining (111.19) and (111.22) that 
+CC 
1 Res,(w,) 
k=O 
1 + z 
0 
I/y +il eG. + llP)X 
= 1-z Log((l-z)/(l +z))+ni 
~(1, 6; 1 + 6; e27H;. +ih)), 
(111.24) 
We turn now to show the following claim concerning the integral K,.,., in 
(III.1 8) which leads to lim. _ + 3c K,., m = 0 for all m E N: 
CLAIM (111.25). Let m E N, ZE B and ;1< 0. Then there is u suitable 
strictly increasing sequence { R,},?=T of positive rationals uch that, as R runs 
through R,, K,.,., -+ 0. 
Proof. We have p = e-r/*, n fixed in N, {U’k}k+Lfl?z={-l/n+ 
w+ w-q:“-,, 
Kc,,, = s 
en( I/p ~d.) 
dw. 
C’4 w(ew + p)” 
Consider the strip S = (w E C: 0 < Imw < 271). The restriction of e” to S is 
one-to-one. Hence we can find neighborhood-disks Dr( wo, a) and 
D,( -,u, /I), with 0 < /I < p/2 and 0 < c1< n/2, such that each [ E D, is 
assumed by ew exactly once in D,. Thus for w E S\D, le”‘+ pJ >/I. For 
Imw = 0 or Imw = 271, eR’ > 0, and hence le”’ + PI= ew + p > ,u/2 > b. Thus 
(1) je’” + p[ > b for 0 6 Imw d 27r, 11~ - u’~( 3 X. 
(2) Since e” has period 2C, it is clear that 
+x 
le”‘+pl >P for Imw30, w$ u D,(w,). 
k=O 
(3) Fork=0,1,2,... Iw,l+a<l/n+(2k+l)n+n/2<(2k+2)n. 
Choose a rational R, such that 
(4) Iu’kl +cr<Rk<(2k+2)z. 
Observe now that 
(5) &+I >Iw,+,l+a>IW,+,l>(2k+3)n>R,. 
Thus (Rk} c:O is a strictly increasing sequence of rationals and R, -+ + r; 
ask+ -too. 
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For any k,>,O we have for kdk,, ID,(~,)J<I~,[+~~Q)w~,~+c~<R~~ 
(with the obvious abuse of notation). For k > k,, 
ID,(w,)l 2 Iwkl - CI > (2k+ +c 3 (2k, + 2 + 4)~ > (2k, + 2)7c > Rko. 
Thus cq centered at (0,O) and with radius Rko does not intersect 
u,‘=“, D,(w,) and so, if we let RE (Rk}120, c4 does not intersect 
UZ=‘Y,D1(wk) andso by (2) 
(5)’ le”+pl >fl for wEc4. 
We confine R to run through the sequence {Rk}k+=mO. Based on the 
definition fKc,,,, we have 
Let us denote the integrand in (6) by h(9); we first consider Jon/* h(g) &J. 
For 0<8<(7$?) leR”“+pI >eRcos9-p. However eRcos9> 1 >p and so 
le Re19+p(m>(eRcos9 - p)” and we can conclude that 
jo=‘* h(9) d9 < j;‘* ‘;;‘-;T;:zs;;;’ d,JJ. 
But 1 -pepRcos9 al-p>Oand thus 
Next we observe that by virtue of (5)’ we have 
eR’Si”9dg=g-mS”i2eR1rin9d9. 
0 
In view of (6), (7) and (8), it suffices toshow that 
J 
42 
e RIsin9 &j ~ 0 as R=Rk+ +a. 
0 
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For 0 < 3 6 IT/~, 3 > sin 3 3 (2/x) 3, and since 1. < 0, RA. sin 3 6 (2/x) R19. 
Hence 
I 
42 
e RI sin 9 d3 d 
0 
=-& (1 -epR".')+O. Q.E.D. 
Utilizing ow the result of the claim (111.25) along with (111.18) we have 
lim K, v cZ,m = 
ni( 1 + z)” 
R- +m 2” 
+ 2rciAp.l 
l/p .-- mz ~ ri. + cc [kJ, k 
c 
L (111.26) 
k=O M’k 
for ZEB. 
By use now of (111.2) we obtain 
(J(n) f,)(z) 
=.f,(z)+2”+’ 
A P. i. 
(1 -z)l/p+rl (1 +Z)m2+m- l/p+ii (kg$k). 
(111.27) 
which by the discussion in the preliminaries ofthis chapter leads to 
(E(A) f,)(z) 
=fm(z)+ 2”Ap,i (‘CT A$ %) 
(1 -Z)liP+ri (1 +Z)m2+m-l/P+ii. k=O 
(111.28) 
for A<0 and ZED. 
AN EXAMPLE. We remark that for the case m = 1 and using (111.24) we
have the following concrete image-representation 
ze(-4 + iip)n 
(~(~)f1)(z)~f1(z)+(l+z)(l-z)~1’p~+’”(Log((l-z)/(1+z))+si) 
x F( 1, 6; 1 + 6; e2”(’ + ‘lp)), 
where 6 = 6(z) is given in (111.21). 
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FIGURE 2 
2. The case ,4 > 0. In this case we employ the symmetric, w.r.t. he real 
axis, of the contour of Fig. 1 as shown in Fig. 2; we work by symmetry 
almost verbatim as in the case ,J < 0. 
As in (111.5) (and keeping the same notation now for Fig. 2) we can 
obtain 
-C’(n,R) 
K C,UC3,m+KcZ,m+Kc4,m= --hi c Res,(wT,) 
k=-1 
C’(n R) 
= -hi 2 Res(w,*), 
k=l 
(111.29) 
where wz = (Log CL) - (2k - 1 )~i with k in the indicated in (111.29) range 
and with t*(n, R) =integer part of f((dm/n~)+ 1) (compare with 
the definition f[(n, R) of (111.5)). 
Imitating the discussion of Case 1, but with wz instead of wk and ka 1, 
we can see that, as in (111.7), we have 
,Fl lRes,(w,*)l< + ~0; (111.30) 
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this can be established by showing that 
(ep2nL)k ~ J;,k = O( (e --2ni)k). 
Wk* 
In addition, we have, as in (111.6), that 
lim 
(1 + ZY’ 
R- +z 
K,,,, = 2ni m. 
2 
(111.31) 
(111.32) 
In conclusion working as before and passing to the limit as R -+ GO, R E Q, 
we have via (111.29) 
(1 +z)” 
hm K,.,,,.,,,+2~li~ 
R- +m 2” 
+ hm K,.4,, 
R- tx 
= -27ri +f Res,(w,*). 
k=l 
(111.33) 
It remains to establish t e result of Claim (111.25) for the case A> 0 and for 
the arc cq in Fig. 2. But it is evident now that we have 
K,.,,, = i I 
~ 71 e R&C lfp -. il ) 
d9 
0 (eRe” + p)” 
‘I 
K eRem’9(I/p - ij,) 
= ---I d,!4 
0 (e Re-“9 + PY 
and working as in (6) of the proof of (111.25), we have 
by previous considerations. We conclude 
lim Kc,,, = 0, for any msN. 
R-CC 
(111.34) 
Combining (111.33) and (111.35) we finally obtain 
(J(~)f,,,)(~)=2f,(z)+2”‘+~(1 z)-“~ y Res,(w,*) ; 
( > 
(111.35) 
k=l 
this result with use of (11.6) and applying the same method, in order 
to evaluate the infinite sum involved here, provides the corresponding 
concrete description fE(A)1 o for I > 0. 
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IV. CONCLUSIONS AND REMARKS 
In [9, Theorem (3.8)] we derived a concrete description feach (1 - z)“‘, 
m = 0, 1, 2, . . . as an HP-limit of elements in Q; then it was quite clear that 
the same could be done for the elements zm. Thus by applying the 
(parabolic) Stone-type family E(L) one could have a concrete [mean”] 
description of the pointwise action of E(I) on HP(D), if we are given the 
Taylor coefficients of each point f(z) E HP(D), or f(z) itself for that matter. 
For technical reasons the whole scheme worked for the index p in the range 
(1, 21. 
In [lo] however we managed to extend this result for 2 <p < +co. We 
sketch this proof, which essentially follows the steps of the 1 <p < 2 proof, 
omitting the details: Write (1 -z)” = (1 - z)~-“~ (1 - z)‘lp for m E N. 
Evidently f,(z) E HP(D) and (1 - z)*‘” is analytic in D with derivative 
-2/p(l -z)2’p-- EH'(D). Repeating verbatim the discussion in the proof 
of Theorem (3.8) in [9] we conclude that the nth Taylor polynomials 
(around z = 0) of (1 - 2)2/P converge uniformly on T= aD, as n + + co. 
Multiplication byf,,,(z) provides [mean”] convergence, and we are done. 
With this result at hand for 1 <p < +co, we can obtain a pointwise 
description of our-hyperbolic now-spectral family E(n) on HP(D). Of 
course one will employ formula (111.28) or (111.35) according to whether 2 
is positive or negative respectively. 
(2) The development of the formulae corresponding to the 1> 0 case 
can also provide an example of what E(L) f, looks like, at each z ED, after 
the evident modifications inthe 1~ 0 example have taken place. 
(3) As it was remarked before, strong continuity will also provide the 
formula for E(O)1 p; in particular, passing to the limit as 2 -+ O- in (111.28), 
we obtain 
(E(O)fAz) =fm(z) + 
-p&h 
(1-z)‘/P(1+Z)m2+m-llP 
x k~~d,,lA=J 
( 
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